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The algebraic Setting

General setting
We are given: o/ unital x-algebra and A : o — &/ © </ *-hom.

Assume: <f generated by uj; such that A(uj) = ) ux®uyj,
u = (uj) and G = (u}) invertible in My(%/).

-+ (Id®A)A = (A®id)A and
-+ Span A(H)(1 © /) = Span A(F) (A ©1) = o © o

Examples
o G C Uy compact group of matrices
o/ = Pol(G), ujj : G — C coordinate maps
A(ui)(g, h) = > gikhig = uij(gh)
e [ = (v;) finitely generated group
o = C[l], u = diag(yi), A(y) =&~
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The algebraic Setting

General setting
We are given: o/ unital x-algebra and A : o — &/ © </ *-hom.

Assume: <f generated by uj; such that A(uj) = ) ux®uyj,
u = (uj) and G = (u}) invertible in My(%/).

& (id®A)A = (A®id)A and
-+ Span A(F)(1© &) = Span A(F)(F ©1) = o ©

Notation: &7 = Pol(G) =CJ[ |.
G, are a “compact and a discrete quantum group in duality”.
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The algebraic Setting

General setting
We are given: o/ unital x-algebra and A : o — &/ © </ *-hom.

Assume: <f generated by uj; such that A(uj) = ) ux®uyj,
u = (uj) and G = (u}) invertible in My(%/).

-+ (Id®A)A = (A®id)A and
-+ Span A(H)(1 © /) = Span A(F) (A ©1) = o © o

Examples
o o = ,(Q), Q€ GLy(C): As(Q) = (uj | u unitary,u = QuQ™1)
The elements Ujj = > up@uyg satisfy the relations » A.
Notation: =TFO(Q), G= 0"(Q).

@ Special case Q = (_;?/q (1)) -+ ,(Q) = Pol(5U4(2))
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The full and reduced C*-algebras

Definition (Full C*-algebra)
We wish to define a norm on &/ by

lIx[le = sup{llw()llgk) | ™ : @ — B(K) x-rep}.
Assumption: this is finite — " has an envelopping C*-algebra”.
-+ completion As = G(G) = Cf( )

By universality, the coproduct A extends to
AG() = G e ()
and () is a Woronowicz C*-algebra (cf Adam's talk).
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The full and reduced C*-algebras

Still assume: 7 has an envelopping C*-algebra — e.g. (uj;) unitary.
Theorem: there exists a unique state h : &/ — C such that
(h®id)A = (id®h)A = 1o h, and it is faithful on <.

Definition (Reduced C*-algebra)

(e, h) »N\:of — H=L1%G)=?) with |A(x)||* = h(x*x)
-+ \: o/ — B(H), A(x)A(y) = A(xy)

- completion A, = G(G) = C*( ) =ImgA

By invariance, the coproduct A extends to
AG() =G )¢ ()
and C( ) is a Woronowicz C*-algebra (cf Adam’s talk).
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The full and reduced C*-algebras
Still assume: C[ | has an envelopping C*-algebra — e.g. (ujj) unitary.

- potentially different Woronowicz C*-algebras C;/( ), C( )
— possibly others in between

Useful maps:
o A: Cf( ) — CF( ) by definition (regular representation)
o ¢: Cf( ) — C character s.t. e(uj;) = 0 (trivial repr. / co-unit)
o A () — G )®CH( ) (Fell's absorption)
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The dual C*-algebra

Multiplicative Unitary
Define V € B(H®H) by putting V(AQA)(x®y) = (AQA)(A(x)(1Ry)).

-+ C'( ) = Span{(w@id)(V) | w € B(H).}
-+ V(x®1)V* = A(x) for x € Cf( )
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The dual C*-algebra

Multiplicative Unitary

Define V € B(H®H) by putting V(AQA)(x®y) = (AQA)(A(x)(1Ry)).
Definition (Dual C*-algebra)

We define A = Go( ) = C*(G) and a coproduct A : A — M(A®A) by

Go( ) = Span{(id®w)(V) | w € B(H).},
A(f) = VF(1RF)V for f € Go( ).

We put also Cp( ) = M(Go( )).
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The dual C*-algebra

Definition (Dual C*-algebra)

We define A = Go( ) = C*(G) and a coproduct A : A — M(A®A) by

Go( ) = Span{(idew)(V) | w € B(H).},
A(f) = V*(1&F)V for f € Go( ).

We put also Cp( ) = M(Go( )).

Duality

We have V € M(Gy( )®C( )) = duality between C( ) and Go( ):
we G ) »w=(ildow)(V) € Cp( ).

V lifts to Vy € M(Co( )®@C( )) such that V = (id®A)(V;), again:
we G ) »o=(idaw)(V) € C( ).
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Irreducible (co)representations

Definition
K f.-d. Hilbert space, v € B(K)®C{( ) unitary, (id®A)(v) = viavi3
- “representation” of G / “corepresentation” of and &

Following the theory of the compact case:
o f € B(Ki, Ky) intertwiner if (f®@1)v; = vp(f®1) - Hom(vy, v2)
e v; ~ vy if Hom(vy, v») contains a bijection
e v irreducible if Hom(v, v) = Cid —» set Irr

@ direct sum, tensor product, conjugate representation, ...
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Irreducible (co)representations

Definition

K f.-d. Hilbert space, v € B(K)®C{( ) unitary, (id®A)(v) = viavi3
- “representation” of G / “corepresentation” of and &

Application: “Decomposition of the regular repr. of G"
There is an isomorphism

Qo )= e B(Ka) st Vi Dve.
Moreover (A®id)(Vr) = Vi 13Vio3 > @ va®vs.

Remark: in fact f.d. representations v live in B(K) ® <.
— allows to reconstruct &/ from a Woronowicz C*-algebra
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Corepresentations of FO(Q) and the boundary
In this slide =FO(Q) and QR € Cly.
Theorem

One can write Irr FO(Q) = {w} with vo =1, vi = u, ¥ ~ v and
VKkQV] 2 Vg1 D Vkt1.
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Corepresentations of FO(Q) and the boundary
In this slide =FO(Q) and QR € Cly.

Theorem
One can write Irr FO(Q) = {w} with vo =1, vi = u, ¥ ~ v and
VKkQV] 2 Vg1 D Vkt1.

An application
r € Hom(vky1, vk®vy) isometric - UCP map (cf Mike's talk)

R = (01))" : B(Hk) = B(Hys1), f = r*(feid)r.
We put C(OFO(Q)) = Ii_m)(B(Hk), R).
Recall B(Hx) C Co( ) » 0 = “projective limit of spheres”.
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Corepresentations of FO(Q) and the boundary

In this side =FO(Q) and QQ € Cly.

An application

r € Hom(vyy1, vk®vp) isometric = UCP map (cf Mike's talk)
R=(®51)" : B(Hk) = B(His1), f = r*(foid)r.

We put C(OFO(Q)) = lim(B(Hx), R).

Recall B(Hk) € Go( ) » 9 = "“projective limit of spheres”.

Theorem

C(0 ) C C( )/ Go( ) is a infinite-dimensional unital x-subalgebra.
It is stable under the left and right actions of .
The restriction of the left (resp. right) action is amenable (resp. trivial).

Application: exactness and property “AO™", solidity of the von Neumann
algebra C( )".
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Amenability : definition(s)

Definition
is called
@ weakly amenable if Cp( ) admits an invariant state m:
V we G )i, e Cp( ) m(wid)A(f)) = w(1)m(f).
e strongly amenable if A : Cf( ) = C( ) is an isomorphism.

Note: strongly amenable < ¢ factors through A
< almost invariant vectors in H.

For I classical, m: P(I') — [0, 1] invariant, finitely additive, m(I") = 1.

Theorem J

For discrete quantum groups, weakly amenable < strongly amenable.

“=" is harder if h is not tracial, and still open in the locally compact case.
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Amenability : examples

Fusion rules: a®f ~ @ m/ ;v with a, 8, v € Irr

Theorem

Assume ,  have the same fusion rules. If is amenable,
dimv, <dimv, forall «. is amenable iff we have = for all c.

“Amenability is a property of the dimension function on the fusion ring.”

Examples
@ Finite or abelian groups are amenable ; non-ab. free groups are not.
@ The dual of a classical G is always amenable.
@ The dual of SU,4(2) is amenable.

e FO(Q) is amenable iff N = 2.
Note: Sp(>_ uii) =[-2,2] in Gf( ), and €(>_ uji) = N.
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Approximation properties
Fix (A, h) unital separable C*-algebra with faithful state.
Approximation property: 3 T,: A— As.t. Ya€ A ||Ty(a) —a|| — 0.
Some examples: "

o CPAP: T, UCP and finite rank

e CBAP: T, uniformly CB and finite rank

@ HAP: T, UCP and compact on L?(A, h)

Theorem
amenable = C*( ) has the CPAP. <= holds if h is tracial. J

Proof. =: T, = (id®y) o A" for p € Gf( )*, T =id.

Strong amenability < € approximated by vector states for A
<> by states ¢ such that ¢ has finite rank.

<: have to reconstruct ¢ from T.
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Approximation properties
Fix (A, h) unital separable C*-algebra with faithful state.
Approximation property: 3 T,: A— As.t. Ya€ A ||Ty(a) —a|| — 0.
Some examples: "

o CPAP: T, UCP and finite rank

e CBAP: T, uniformly CB and finite rank

@ HAP: T, UCP and compact on L?(A, h)

Theorem

If there exist states v, € CF( )* s.t. p, — € x-weakly and ¢, € Co( ),
then C}( ) has the HAP. <= holds if h is a trace.

Proof. =: T, = (id®g) o A for p € Gf( )*, T =id.
<: have to reconstruct ¢ from T.
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FO(Q) has the HAP

Consider ¢; given by @; = Hﬁiﬂ:\l id, € @ B(Hk).

Clearly ¢: € Co( ) and pr — e as t — N. Is o, a state?

Approach 1 (Q = Iy)

Uses B = (3> uii) € G( ).

In the unimodular case, the “orthogonal projection” extends to a positive
contraction P : () — B.

For FO(Ily), B ~ C([—N, N]) and a computation shows that ¢; = ev; o P.

Roland Vergnioux (Univ. Normandy) Introduction to Quantum Groups Il Herstmonceux, 15 July 2015 12 /12



FO(Q) has the HAP

Consider ¢, given by @ = F;iﬂ:v idk € €@ B(Hk).

Clearly ¢: € Co( ) and pr — e as t — N. Is o, a state?

Monoidal equivalence

“Abstract” equivalence F : Corep 1 — Corep 3 (= same fusion rules).
Classical cases G, I': implies isomorphism.

Every O1(Q) is monoidally equivalent to an SU,4(2).

Approach 2

If =5 f(a)idy and  ~pon /. define ¢’ on GF( ') by ' = f(a)id,,.
Fact: || Tulleb = || Tyr|lcb- In particular ¢ state < ¢’ state.

Proposition

On C(SUq4(2)), @r is the vaccum state in the “Podles sphere”
representations constructed by Voigt.
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