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Introduction Motivation

Motivation

- notion of M-boundary in topological dynamics (Furstenberg, 1950s)
—» surprising connection with the structure of reduced group C*-algebra
(Kalantar-Kennedy, Breuillard-Kalantar-Kennedy-Ozawa, 2010s)

[ discrete group -» translation operators A(g) € B(¢°T)
- reduced C*-algebra C* (') = Span {\(g),g € T}
- with trace h(x) = (1L | x1Le), h(A(g)) = 0g,e
Trace : ¢ : Ci4(I) — C, positive, unital, p(xy) = ¢(yx).

Theorem (BKKO)

Crq(T) simple & 3 free [-boundary T ~ X.
Cr4(T) has a unique trace < 3 faithful T-boundary I ~ X.

In particular simplicity = uniqueness of trace for reduced C*-algebras of
discrete groups. The converse is false.
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Introduction Discrete quantum groups

Discrete quantum groups

A discrete quantum group is given by :

@ a von Neumann algebra ¢>°( ) = @f;;, B(Hg) with dim H, < oo

@ a normal x-homomorphism A : £°°( ) — £>°( )®¢>°( ) such that
(A ®id)A = (id ® A)A (coproduct)

o left and right A-invariant nsf weights h;, hg on £°°( )

is unimodular if hy = hg. Denote ¢2( ) = L2(¢>°( ), h.).

Classical case : =T =1, ¢°( )=¢>2(I), A(f) = ((r,s) — f(rs)),
hi(f) = hr(f) = 3 cr F(r).

In general : coproduct = tensor product 7 ® p := (7 ® p)A for
representations , p of £>°(" ) - tensor C*-category Corep( ).

I = irreducible objects up to equivalence.

The multiplication table of I is replaced by the spaces Hom(«, 5 ® 7).

R. Vergnioux (Univ. Normandy) Quantum Furstenberg boundary Seoul, 7/4/2021

4/15


Roland Vergnioux


Roland Vergnioux


Roland Vergnioux


Roland Vergnioux


Roland Vergnioux


Roland Vergnioux



Introduction Actions

Actions

Canonical dense subalgebra : co( ) C £>°( ) given by @,
A -C*-algebra is a C*-algebra A equipped with a x-homomorphism

a:A— M(c( )®A) such that (id ® a)a = (A ® id)a (coaction).

Forac A v e A%, ue€ c( )* we can then define
Lu(a) = (1@ id)a(a) € M(A),
P,(a) = (id @ v)a(a) € £>°( ),
prxv=(p®v)ae A"

A -map T :A— Bis a linear map such that TolL, =1L,0T.

Classical case : ' ~ X, A= Go(X), a(f) = ((r,x) — f(r-x)).

Example : A= ¢o( ), @ = A “translation action”.

By invariance, the maps L, extend to bounded operators on 2().
-+ C*-algebra C*,( ) = Span {L,} with state h = (& | - ).
Note : his a trace <&  unimodular.
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Introduction Actions

Actions

Canonical dense subalgebra : co( ) C £>°( ) given by @,
A -C*-algebra is a C*-algebra A equipped with a x-homomorphism

a:A— M(c( )® A) such that (id ® a)a = (A ® id)a (coaction).
Forac A v e A%, ue€ c( )* we can then define

Lu() = (1@ id)a(a) € M(A),

P,(a) = (id®@v)a(a) € £°°( ),

pxv=(pev)ac A"
A -map T :A— Bis a linear map such that TolL, =1L,0T.
Definition
The cokernel N, C £°°( ) of « is the weak closure of
{P,(a),a € A,v € A*}. We say that « is faithful if N, = £>°( ).

We have A(N,) C Ny®N,. In the classical case this implies N, = ¢>°(I")A
with A < T, and we have A = Ker « in this case. In the quantum case N,
is not necessarily associated to a subgroup <
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Introduction Orthogonal free quantum groups

Orthogonal free quantum groups

Let NeN, Q € GLy(C) sit. QQ = +/y.

The discrete quantum group = FO(Q) can be described as follows:
-+ Corep(FO(Q)) is the Temperley-Lieb category with § = Tr(Q*Q),
+>/=Nwith k@1~10k~(k—1)®(k+1), k =k,

-+ Hy=C, H = CN and Hom(O, 1® 1) = Cty with t; = Z e ® Qe;.
We can then construct Hj by induction, (*°(FOq) and compute A.

Assume Q = Iy — we write FOg = FOpy.
wij = (ei | - ) € B(H1)* C co( )* + operators L := L, € C4(FOp)
- matrix L = (Lj)j € Mn(Croq(FOn)) s.t. L = Ljjand LL* = L*L = Iy
— representation of Wang's algebra:

Ao(N) = C(L, ujj | uj; = ujj, uu™ = u*u = Iy)
In fact Ao(N) is the full C*-algebra of FOy...

The terminology comes from the following “classical” quotients of A,(N):
Ao(N)/(uij, i # j) = C*(Fn),  Ao(N)/([uij, ua]) ~ C(On).
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Outline

© Boundary actions
@ [-boundaries
@ Boundaries and unique stationarity
@ The Gromov boundary of FOq
@ An FOgq-boundary
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

The action [ ~ X is:
o minimal if Vx,y € X 3g, € I s.t. limg,-x =y,
in other words: Vx € X T-x=X;
o proximal if Vx,y € X dgp € I s.t. limg,-x=limg, -y ;
@ strongly proximal if [ ~ Prob(X) proximal,
or equivalently: Vv € Prob(X) T -vnX # 0.
X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X cT -v.

Classical examples:
@ G connected simple Lie group, H < G maximal amenable, X = G/H
@ [ non elementary hyperbolic, X = dgI' Gromov boundary
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcCTl-v
i) Vv € Prob(X) Prob(X)= Convl -v
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcCTl-v
i) Vv € Prob(X) Prob(X) = {u=*v,u € Prob(l)}
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcT v
i) Vv € Prob(X) Prob(X) = {u=*v,u € Prob(l)}
ii) Vv € Prob(X), f € C(X)sa [Ifl| = sup,eprob(ry [{1* v, f)]
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcT v
i) Vv € Prob(X) Prob(X) = {u=*v,u € Prob(l)}
iii) Vv € Prob(X), f € C(X)sa  [If]] = sup,epron(ry [(1: Pu(F))]
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:

i) Vv € Prob(X) XcT v

i) Vv € Prob(X) Prob(X) = {u=*v,u € Prob(l)}

iii) Vv € Prob(X), f € C(X)sa [|Ifl] = sup,epron(ry [(1: Pu(f))]
iv) Yv € Prob(X) P, is isometric on C(X)s,

v
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcCT-v
i) Yv € Prob(X) Prob(X) = {u*v,u € Prob(')}
i) Vv € Prob(X), f € C(X)sa [|f]| = sup,epron(ry |(1: Pu(f))]
X)
)

)

iii)

iv) Yv € Prob P, is isometric on C(X)s,
)

Vv € Prob P, is a complete isometry

—~ =~ o~

v X
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcCT-v
i) Yv € Prob(X) Prob(X) = {u*v,u € Prob(')}
iii) Vv € Prob(X), f € C(X)sa [|Ifl] = sup,epron(ry [(1: Pu(f))]

)
)
iv) Vv € Prob(X) P, is isometric on C(X)sa
)
)

v) Yv € Prob(X) P, is a complete isometry

vi) all UCP -maps T : C(X) — £°°(T) are complete isometries

(indeed T=P, forv=€0T)
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:

i) Vv € Prob(X) XcCT-v

i) Yv € Prob(X) Prob(X) = {u*v,u € Prob(')}
i) Vv € Prob(X), f € C(X)sa |IF]l = Sup, cpman(ry |{1s Pu(F)]
iv) Vv € Prob(X) P, is isometric on C(X)sa
v) Vv € Prob(X) P, is a complete isometry
)

)

vi) all UCP -maps T : C(X) — £°°(T) are complete isometries
vii) all UCP I'-maps T : C(X) — B are complete isometries
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Boundary actions I-boundaries

[-boundaries

Classical case: ' ~ X compact.
We have X C Prob(X) via Dirac measures and I ~ Prob(X).

X is a [-boundary if it is minimal and strongly proximal,
or equivalently: Vv € Prob(X) X CT -v.

The following assertions are equivalent:
i) Vv € Prob(X) XcCT-v

i) Yv € Prob(X) Prob(X) = {u*v,u € Prob(')}

i) ¥ € Prob(X), £ € C(X)ea £l = 5up,.cproniry | (s Po(F))

iv) Vv € Prob(X) P, is isometric on C(X)sa
)
)
)

v) Yv € Prob(X) P, is a complete isometry
all UCP -maps T : C(X) — ¢>°(T") are complete isometries
vii) all UCP I'-maps T : C(X) — B are complete isometries

VI

Quantum case: v A unital, Prob(X)/Prob(I')—+» S(A)/S(co( ))
i) no meaning ; ii)—iv) still equiv. ; only i ) ; v)—vii) still equiv.
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Boundary actions Boundaries and unique stationarity

Boundaries and unique stationarity

Definition
A unital -C*-algebra Ais a -boundary if every UCP -map T : A— B
is automatically UCI.

This has good categorical properties : C < A is an “essential extension”
in the category of unital -C*-algebras with UCP -maps as morphisms
and UCl -maps as embeddings.

Choose 11 € S(co( )). A state v € S(A) is p-stationary if uxv =v.

Proposition (Kalantar)

Assume that A admits a unique p-stationary state v and that P, is
completely isometric. Then A is a -boundary.
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Boundary actions Boundaries and unique stationarity

Boundaries and unique stationarity

Choose 11 € S(cp( )). A state v € S(A) is p-stationary if % v =v.

Proposition (Kalantar)

Assume that A admits a unique p-stationary state v and that P, is
completely isometric. Then A is a -boundary.

Proof. v is stationary iff P,(A) C Hi°( ) :={f € £>°( )| Lu(f) = f}.
Then P, is the unique UCP -map A — H:°( ). Moreover we know that
Hie( ) is -injective. Thus it suffices to apply:

Exercice. Let X < Y be an embedding, Z an injective object. Assume
that there exists a unique morphim Y — Z, which is moreover an
embedding. Then X < Y is essential.
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The Gromov boundary of ¥Og
The Gromov boundary of FOq

Classical case: free group =1 = Fy.
Word length: |g|, spheres: S, = {g € Fp; |g| = n}.
Gromov boundary d¢ Fp: set of infinite reduced words.
The topology of the compactification SgFy = Fy L OgFn can be
described by specifying the unital sub-C*-algebra C(8gFyn) C £°°(Fn):
C( GFN) U C( GFN)m where
C(BcFn)m = {f € £>°(Fpn) | f depends only on first m letters}

= {(fx € Dy C(Sk) | Yk = m fiy1 = fi o pic}
where py @ Si+1 — Sk “forgets last letter”.
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The Gromov boundary of FOq
The topology of the compactification SgFy = Fy U OgFn can be
described by specifying the unital sub-C*-algebra C(8¢Fn) C €°°(Fn):

C(ﬁGFN) = Um C(ﬁGFN)m where

C(BcFn)m = {f € £>°(Fn) | f depends only on first m letters}

= {(f)x € DY C(Sk) | Yk > m fiq = fi 0 pi}

where py : Sgr1 — Sk “forgets last letter”.
Quantum case: =FOq, N > 3.

Recall ¢>°( ) = @go B(Hk) and we have canonical isometries
Vi : Her1 — Hi ® Hy from the Temperley-Lieb category.

Theorem (Vaes-Vergnioux '05)

Put C(BcFOQ)m = {(fu)k | Yk > m fyy1 = V:(fk ®1id)Vi}. Then
C(BcFOq) = U,, C(BcFOQ)m is a sub-FOq-C*-algebra of {>°(FOq).

We also denote C(0gFOq) = C(BcFOq)/co(FOgq), which is still a unital
FOq-C*-algebra.
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An FOg-boundary
An FOq-boundary

We have “categorical traces” qtr, : B(Hx) — C.

They satisfy qtr, ;(V}(a ®id) Vi) = qtr,(a)

> we get a state w = lim qtr, on C(96cFOq).

One checks that w is p-stationary for p = qtr; € B(H1)* C (FOq)*.

Denote C,(0gFOq) the image of the GNS representation of w.

Theorem (Vaes-Vergnioux '05)

Assume N > 3. Then P, extends to a normal x-isomorphism
Pw ; C,(8IE‘OQ)“ — HﬁO(FOQ).

Theorem (KKSV '20)

For N > 3, w is the unique i-stationary state on C(0cFOq).
Hence C,(0cFOq) is an FOgq-boundary.

For N =2, FOgq is amenable, the only FOg-boundary is C.
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Outline

© Applications
@ Uniqueness of trace
@ Universal boundary and the amenable radical
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Applications Uniqueness of trace

Uniqueness of trace

Theorem (KKSV '20)
Assume that  acts faithfully on some -boundary A. Then:
e if s unimodular, h is the unique trace on C} ( ) ;

o else C) () does not admit any KMS state wrt the scaling group.

Question: in the unimodular case, does uniqueness of trace imply the
existence of a faithful boundary action?

Theorem (KKSV '20)
For N > 3, FOgq acts faithfully on OgFOgq. J

Note: in this case, uniqueness of trace was already proved in [VV '05]. In
the non-unimodular case, the absence of T-KMS state is new.
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Applications Universal boundary and the amenable radical

Universal boundary and the amenable radical
Recall that an injective envelope is an injective and essential extension.

Theorem (Hamana, KKSV '20)

C admits an injective envelope C(0r ) := 1 (C), which is unique up to
unique isomorphism. We call it the Furstenberg boundary of

Then any -boundary embeds in a unique way in C(9r ).

There exists a faithful -boundary iff ~ 9 s faithful.

In the classical case the kernel of this action is the maximal amenable
normal subgroup of I' (amenable radical).
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Applications Universal boundary and the amenable radical

Universal boundary and the amenable radical

Theorem (Hamana, KKSV '20)

C admits an injective envelope C(0r ) := 1 (C), which is unique up to
unique isomorphism. We call it the Furstenberg boundary of

There exists a faithful -boundary iff ~ O s faithful.
In the classical case the kernel of this action is the maximal amenable
normal subgroup of ' (amenable radical).

M C £°°( ) is called a Baaj-Vaes subalgebra if A(M) C M&M. It is
relatively amenable if there exists a UCP  -map T : £>°( ) — M.

Theorem (KKSV '20)

The cokernel Ng of I ~ O is the unique minimal relatively amenable
Baaj-Vaes subalgebra of £>°( ).

Hence there exists a faithful -boundary iff £°°( ) has no proper relatively

amenable Baaj-Vaes subalgebra.
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-
Proof of unique stationarity for Fy

Sn C Fp: reduced words of length n. p,: uniform proba measure on S,,.
Gromov boundary: 0gFn =~ Soc. Put Xg = {g--- reduced} C S..

Proposition

Let w be a proba measure on Sy, such that puj *w = w. Then for any
g € Fn we have w(Xg) = (#S) "

Observe that the assumption implies Wk s w =w and py *w = w for all k.
It is sufficient to prove limp(un * w)(Xg) < (#S)4))*: indeed both sides
sum up to 1 when |g| is fixed.

We have (jin * w)(Xe) = (#5,) 1 Xy (hX).

R. Vergnioux (Univ. Normandy) Quantum Furstenberg boundary Seoul, 7/4/2021 15/15



Proof of unique stationarity for Fy

It is sufficient to prove lims(pin % w)(Xg) < (#5)4)) ' indeed both sides
sum up to 1 when |g| is fixed.

We have (jin * w)(Xe) = (#5:) 1 Xy (hX).

Case 1: the last letter of g is not simplified in the product hg, i.e.
|hg| = |g| +n—2/ with 0 </ < |g| — 1. Then hX; = Xpz and when [ is
fixed these subsets are pairwise disjoint. Hence for fixed /:

> {w(hXg); |h| = n,|hg| = |g| +n—2} < 1.

Case 2: use the trivial estimate w(hXg) < 1. In this case the last |g| letters
of h are fixed, equal to g_l, so we have (2N — 1)”_'5”| such elements h.

Altogether (un * w)(Xg) < (#Sn) 7t Eal 1+ (#Sn) 12N — 1) lel

= (#5n) " gl + (#Sg)) " —rnoo (#5]g)) "
Indeed #S, = 2N(2N — 1)1,
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