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Crossed Products
by Quantum Groups

L.Cc. quantum groups

— dual Hopf C*-algebras S, S

— regular representations A : S — Syeq C L(H)
and S — gred C L(H)

— trivial representationse: S —-C, £: 8 - C

Woronowicz C*-algebras
—- S unital Hopf-C*-algebra with

0(S)(1®S) and 6(S)(S®1) dense in S®S
— category of corepresentations C s.t.

S = Sted = @rerrrcprS and ppS ~ L(Hy)
Ex. : S = Seq =C(G), H=102(G)
Ex.: S=C*(IN), IrrC=T, p, = ]l{r} e Co(lN)

Crossed products
If Syeq COacts on A, one can define crossed-
product C*-algebras A x S, A X,eq S.



Descent Morphisms

- S, S : full C*-alg. of a I.c. quantum group
- A, B endowed with coactions of S,¢q

Proposition
We put ExS=E®g(B x5)

1. Kg,s(ExS8)~Kp(E)xS.

2. If (B,~,F) € Eg_, (A, B) then
(ExS,nxid,Fx1l)ceE(AxS, BxS).

3. this defines a morphism j from KKg, (A, B)
to KK(AxS,Bx5)

4. j(@®@py) = j(@)Q pyg J(y)



Green-Julg Theorem

= Sieq - Woronowicz C*-algebra
- A, B endowed with coactions 04, 0g Of Sieqg
—» 04 trivial, B S,eg-algebra

Theorem There is an isomorphism
KKg _,(A,B) ~ KK(A, B Xeq S) given by

KKg (A, B)

i

KK (A Xred S, B Xyeq S) @F

¢* KKSred(Ala(B Xred §>1)

A

KK(A,B Xeq S)



K-amenability

-+ S, Sieq, S, Sreq : C*-algebras of a locally
compact quantum group

= A S — Sieq : regular representation

- ¢:5 — C : trivial representation

Ex. : S=C*(G), 8= Seq = Co(G)

Theorem We have i = ii = iii = iv, and
iv = [ when S,q is unital (discrete case) :

i. e KKgred (C,C) is represented by (E, 1, F)
with 6 < 5§red (K-amenability)

ii. VA [DAa]l € KK(AXS, AxeqS) is invertible
iii. [A\] € KK(S, Syeq) is invertible
iv. da € KK(Sred,C) XN(a) =[] € KK(S,C).



Amalgamated Free Products

T C 51, S>> : amenable Wor. C*-algebras

S = 51 %7 So : amalgamated free product
P:S—-1T, R;,: S—S; cond. expect.

E, F; associated GNS constructions

e:. T, S; — C trivial representation

EXx. : SZ = C’*(I‘i), T = C*(A), [ = |_1 * A\ |_2

VYV VY

Definition Quantum Serre Tree
—» GNS representations of S

The classical « Serre » tree (V, E) associated
to <« Irr C1 xplIrr Co> » induces a decomposition
H=&pnH and the J.-V. operator F :

-+ E(r,i)°®:C = F?®:C, nC— nQ:1¢

1

T heorem
1. (H® Kqg,mgNs, F') defines v € KK (Syeq,C)
2. (58,9) is K-amenable



Quantum Cayley Graph

- S Wor. C*-algebra, S = S,oq C L(H)
-+ p, € S min. central proj. (r €Irr C)

=+ p1 = ,ecpPr, 1¢ €D, D=D
Ex.: S=C*{N), §=Cy(IN), pr = Leo, rel

Definition Quantum Cayley Graph

— H : space of the regular repr. of S, S
-+ K=H®piH, S=id®e: K —- H

» O0=>X(1xU)V(UU)X

—» regular repr. on H, trivial repr. on p1 H

Definition Classical Cayley Graph
-+ V=IrrC, 0(r,7") = (', r)

-+ E={(r,”)eV? |+ CroD}

-+ Co(V) — L(H), L+ pr



Free Quantum Groups

(E,V) is a tree iff S is a free product of free
quantum groups A,(Q), A.(Q) (Wang, Banica).
Then (E,V) induces a projection py+ € L(H)
« on ascending edges ».

Problems —-» ©2#1

> Dix (= 1-Oppt O F Pyt P P+ = Pr+P+x%
= [px+,u; ;] IS compact but not of finite rank
- ['=Tpyy : Kg— H Iis not Fredholm

Theorem T here exists a natural representa-
tion moo : Ao(Q) — L(Hso) such that

KQ%
Kiw —2> H

R
Hoo

defines v € KKg(C,C) when Tr Q*Q > 2. In
the classical case Hyo = O.



